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As the amount of data being processed continues to grow, the need for efficient data representation becomes
increasingly important. In this paper, we present SplineOP, an algorithm that compresses smooth signals by
representing them in the form of quadratic splines. At its core, SplineOP aims at solving an LO-penalized spline
problem, where both the number and positions of knots are unknown, incorporating ideas from a change-point
detection perspective. The problem is expressed through a recurrence structure, which allows for an efficient

dynamic programming solution. The algorithm was implemented in C+ +, with bindings to Python, and tested
on synthetic and real datasets. We demonstrate that Sp1ine0P successfully recovers the true segment partition as
the sampling frequency increases. Moreover, it achieves high-fidelity reconstructions at substantial compression
rates for time-series data originating from motion sensors.

1. Introduction

Time-series compression is a necessary part of the data processing
pipeline in numerous applications, such as medicine [1,2], energy con-
sumption management [3], IoT [4,5], and manufacturing [6]. Time-
series compression consists of finding a low-memory representation of
time series.

For smooth signals, one popular and classical approach is polynomial
splines [7-9]. Polynomial splines can approximate smooth signals with
only a few parameters. The approximation is a smooth piecewise poly-
nomial function; the time positions at which the polynomials connect
are called knots. The compression rate depends on the number of knots
used for the approximation, which may vary from signal to another.
Fewer knots mean fewer parameters, but the approximation is less ac-
curate. Note that in the context of smooth signals, the approximation
has smooth transitions between successive polynomials, guaranteeing
continuity of derivatives at the knot positions up to a user-specified de-
gree [10].

Solving the problem with fixed knot positions has been largely stud-
ied [11-13]. However, a data-driven choice of the knot positions greatly
improves the quality of the compression [15,16]. Unfortunately, for a
given signal, finding the knot placement that minimizes the reconstruc-
tion error is NP-hard [14]. Several authors have proposed heuristics over
the years. Some methods consist of sequentially adding knots where the
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error is largest [17]. Others place knots at positions of interest, such as
local extrema [18]. A well-known approach, called smoothing splines,
minimizes a trade-off between the reconstruction error and the L2 norm
of the derivative at a user-defined order [12,19]. All of these methods
produce close approximations with possibly many unnecessary knots,
which are incompatible with compression. Recently, authors have re-
placed the L2 norm of smoothing splines with the L1 norm. The method,
called trend filtering, is a particular case of Lasso regression. Trend fil-
tering yields approximations with fewer knots compared to smoothing
splines. Nevertheless, there are still many unwanted knots due to the
so-called staircase effect of Lasso [20].

Surprisingly, the use of LO norm penalization has only been studied
in one paper [21]. Compared to L2 and L1 norms, the LO norm, which is
simply the number of nonzero coefficients in a vector, imposes greater
sparsity (fewer knots). However, the resulting optimization problem is
considerably more difficult to solve.

There exist also modern deep-learning based autoencoder techniques
[9,22,23], which achieve high fidelity reconstructions at varying de-
grees of compression. At the same time, there is no known explicit in-
terpretation of these methods’ compressed representations and its size
is fixed once the architecture is set, not varying with the complexity of
the signal.

In this article, we propose to solve the spline approximation prob-
lem using a change-point detection approach. Change-point detection
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$\mathcal {V}_0 = \{1,2\}$


$y_0,y_1,y_2$


$f(t) = t$


$\beta $


$\tilde f(t) = \frac {t(4-t)}{2}$


$\beta + 1/4$


$\tilde f'(0) = 2$


$\tilde f(2) = 2$


$\tilde f$


$2$


$2\beta + 1/4$


$f$


$t\ge 4$


$1$


$2$


$\beta > \frac {1}{4}$


$t\ge 4$


$2\beta + \frac {1}{4}$


$2\beta + \frac {1}{4}$


$t\ge 7$


$\beta = \frac {1}{4} + \epsilon $


$P_t = \{f_t\}$


$P_t$


$N$


$(N-1)/2$


$P_t = \{y_{t - (N-1)/2},y_{t - (N-1)/2 + 1}, \ldots y_t, y_{t+1}, \ldots , y_{t + (N-1)/2}\}\,;$


$N$


$2A = 0.1|y_{\max } - y_{\min }|$


$P_t = \{y_t - A, \ldots , y_t ,\ldots .,y_t + A\}$


$K=K^*$


$K=K^*$


$K^*=4$


$v=(v_x,v_y,v_z)$


$v$


$v$


$O(10^{-4})$


$K$


$K+1$


\begin {equation*}f_k(t) = \frac {a_k}{2} (t-\tau _k)^2 + v_k (t-\tau _k) + p_k,\quad k = 1,\ldots ,K+1,\; t \in [\tau _{k-1}, \tau _k),\end {equation*}


$\tau _0=0$


$\tau _{K+1}=T$


$0 = \tau _0 < \tau _1 < \ldots < \tau _K < \tau _{K+1} = T$


\begin {equation}\left \{ \begin {aligned} p_k &= \frac {a_{k+1}}{2}(\tau _{k}-\tau _{k+1})^2 + v_{k+1}(\tau _{k}-\tau _{k+1}) + p_{k+1}, \\ v_k &= a_{k+1}(\tau _{k}-\tau _{k+1}) + v_{k+1}, \end {aligned} \right . \label {Xeqn13-F.1}\end {equation}


$k \in \{0,\ldots ,K\}$


$p_0$


$v_0$


$2(K+1)$


\begin {equation}\label {splineConstr} \left \{ \begin {aligned} a_{k+1} &= \frac {v_{k+1} - v_{k}}{\tau _{k+1}-\tau _{k}}, \\ \frac {p_{k+1} - p_{k}}{\tau _{k+1}-\tau _{k}} &= \frac {v_{k+1} + v_{k}}{2}\,. \end {aligned} \right .\end {equation}


$A = \Delta V$


$\overline {V} = \Delta P$


$\Delta \tau _k = \tau _{k} - \tau _{k-1}$


$a_k$


$v_k$


$p_k$


$\tau _k$


$3(K+1)$


$(a_k, v_k, p_k)$


$p_0$


$v_0$


$3(K+1)+2$


$2(K+1)$


$p_0,\ldots ,p_{K+1}$


$v_0$


$2(K+1) + (K+2) + 1 = 3(K+1) + 2$


$v_0$


$a_1,\ldots ,a_{K+1}$


$p_0 = p_{K+1} = 0$


$K+3$


$Av = b$


\begin {equation*}A = \begin {pmatrix} -1 & 1 & 0 & \cdots & 0 \\ 0 & -1 & 1 & \ddots & \vdots \\ \vdots & \ddots & \ddots & \ddots & 0 \\ 0 & \cdots & 0 & -1 & 1\\ \delta _0 & \delta _1 & \cdots &\delta _K &\delta _{K+1} \end {pmatrix}_{(K+2)\times (K+2)},\end {equation*}


$\delta _0 = \frac {1}{2}\Delta \tau _1$


$\delta _{K+1} = \frac {1}{2}\Delta \tau _{K+1}$


$\delta _{i} = \frac {1}{2}(\Delta \tau _{i}+\Delta \tau _{i+1})$


$i$


$\{1,\ldots , K\}$


\begin {equation*}v = \begin {pmatrix} v_{0} \\ v_{1} \\ \vdots \\ v_{K}\\ v_{K+1} \end {pmatrix}\;,\; b= \begin {pmatrix} a_1\Delta \tau _1 \\ a_2\Delta \tau _2 \\ \vdots \\ a_{K+1}\Delta \tau _{K+1} \\ p_{K+1} - p_0 \end {pmatrix}.\end {equation*}


$p_0$


$p_{K+1}$


$k = 0,\ldots , K$


\begin {equation*}p_{k+1} = \frac {1}{2}\sum _{i=0}^k (v_i + v_{i+1})(\tau _{i+1}-\tau _i) + p_0\,.\end {equation*}


$a_k,v_k,p_k$


$a_k$


$k=1,\ldots ,K+1$


$p_0$


$p_{K+1}$


\begin {equation*}\Delta \tau _k = \tau _{k} - \tau _{k-1},\quad \bar \tau _k = \frac {1}{2}(\tau _{k} + \tau _{k-1})\quad \hbox {and}\quad \bar v_k = \frac {1}{2}(v_{k} + v_{k-1})\,.\end {equation*}


\begin {equation*}v_k= v_{K+1} - \sum \limits _{j=k+1}^{K+1} a_{j}\Delta \tau _{j}, \quad \hbox {for all}\,\, k \in \{0,\ldots ,K\},\end {equation*}


\begin {equation*}v_{K+1} = \frac {p_{K+1}- p_0}{T} + \frac {1}{T}\sum \limits _{j=1}^{K+1}a_{j}(\bar \tau _{j}\Delta \tau _{j}),\end {equation*}


\begin {equation*}p_k = p_{0} + \sum \limits _{i=1}^{k} \bar {v}_i \Delta \tau _i = p_{K+1} - \sum \limits _{i=k+1}^{K+1} \bar {v}_i \Delta \tau _i \, ,\quad \hbox {for all}\,\, k \in \{1,\ldots ,K\} \,.\end {equation*}


$A$


\begin {equation*}A^{-1} = \begin {pmatrix} d_0 & d_1 & d_2 & d_3 & \cdots & 1/T \\ q_0 & d_1 & d_2 & d_3 & \cdots & \vdots \\ \vdots & q_1 & d_2 & d_3 & \cdots & \vdots \\ \vdots & \vdots & \vdots & \ddots & \ddots & \vdots \\ q_0 & q_1 & \cdots & \cdots & d_K & 1/T \\ q_0 & q_1 & \cdots & \cdots &q_K & 1/T \end {pmatrix}\,.\end {equation*}


$q_k$


\begin {equation*}q_k = \frac {\sum \limits _{i=1}^{k} \Delta \tau _i+\Delta \tau _{k+1}/2}{\sum \limits _{i=1}^{K+1} \Delta \tau _i} = \frac {(\tau _k - \tau _0)+\Delta \tau _{k+1}/2}{\tau _{K+1} - \tau _0} = \frac {\frac {\tau _{k+1}+\tau _k}{2}-\tau _0}{\tau _{K+1} - \tau _0} = \frac {\bar \tau _{k+1}}{T},\end {equation*}


$d_k =- (1-q_k)$


$\bm {v}=(v_1,\ldots ,v_{K+1})$


\begin {equation*}v_k = \frac {p_{K+1}-p_0}{T} + \sum \limits _{i=0}^{k-1} q_i a_{i+1}\Delta \tau _{i+1} + \sum \limits _{j=k}^{K} d_j a_{j+1}\Delta \tau _{j+1},\end {equation*}


$v_{K+1}$


\begin {equation*}v_k = v_{K+1} - \sum \limits _{j=k}^{K} a_{j+1}\Delta \tau _{j+1}\,.\end {equation*}


$p_0$


$p_{K+1}$


$B p=\bar {v}$


\begin {equation*}B=\begin {pmatrix} 1 & 0 & \cdots & \cdots & & \cdots &0 \\ -1 & 1 & 0 & 0& \cdots & &0 \\ 0 & -1 & 1 & 0 & 0 & \cdots &0 \\ 0 &&\ddots &\ddots &&& \vdots \\ 0 &\cdots &0&-1&1&0& 0\\ 0 &&&\cdots &-1&1& 0\\ 0 &&&\cdots &0 &-1& 1\\ 0 &&&\cdots & & 0&1 \\ \end {pmatrix}_{(K+3)\times (K+2)} ,\end {equation*}


\begin {equation*}p=\begin {pmatrix} p_0 \\ p_1 \\ \vdots \\ \vdots \\ p_{K+1} \end {pmatrix} \, \, \text {, and }\bar {v}=\begin {pmatrix} p_0 \\ \bar v_1 \Delta \tau _1 \\ \vdots \\ \bar v_{K+1}\Delta \tau _{K+1}\\ p_{K+1} \end {pmatrix},\end {equation*}


\begin {equation*}p_k = p_{0} + \sum \limits _{i=1}^{k} \bar {v}_i \Delta \tau _i\, ,\quad \hbox {for all}\,\, k \in \{1,\ldots ,K\} ,\end {equation*}


\begin {equation*}p_k = p_{K+1} - \sum \limits _{i=k+1}^{K+1} \bar {v}_i \Delta \tau _i\, ,\quad \hbox {for all}\,\, k \in \{1,\ldots ,K\} \,.\end {equation*}


$v_0$


$p_k$


$k=0,\ldots , K+1$


$v_0$


\begin {equation*}{v}_k(v_0) = 2\sum \limits _{i=1}^k (-1)^{k-i} \frac {p_i - p_{i-1}}{\tau _i - \tau _{i-1}} + (-1)^{k}v_0, \quad k\in \{1,\ldots ,K+1\}\end {equation*}


\begin {equation*}a_{k}(v_0) = \frac {2}{\tau _k - \tau _{k-1}} \sum _{i=1}^{k} (-1)^{k-i} \frac {p_i - p_{i-1}}{\tau _i - \tau _{i-1}} + \frac {2 (-1)^k}{\tau _k - \tau _{k-1}} v_0, \quad \\ k\in \{1,\ldots ,K+1\}\,.\end {equation*}


$Av = b$


\begin {equation*}A =\begin {pmatrix} 1 & 0 & 0 & \cdots & 0 \\ 1 & 1 & 0 & \cdots & 0 \\ 0 & 1 & 1 & \ddots & \vdots \\ \vdots & \ddots & \ddots & \ddots & 0 \\ 0 & \cdots & 0 & 1 & 1 \end {pmatrix} \quad \text {and}\quad v = \begin {pmatrix} v_{1} \\ v_{2} \\ \vdots \\ v_{K+1} \end {pmatrix}\;,\; b= \begin {pmatrix} 2\frac {p_{1} - p_{0}}{\tau _{1}-\tau _{0}} - v_0 \\ 2\frac {p_{2} - p_{1}}{\tau _{2}-\tau _{1}} \\ \vdots \\ 2\frac {p_{K+1} - p_{K}}{\tau _{K+1}-\tau _{K}} \end {pmatrix}.\end {equation*}


$v$


$a$


$v_k(v_0)$


$a_k(v_0)$


$v_0$


$p_k$
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involves estimating the moments when certain characteristics of the
data generation process change. One recent advancement in change-
point detection is the use of dynamic programming to infer complex
data structures by imposing constraints on the sequence of segments.
These constraints can be directional (e.g., enforcing up-down changes)
or based on graph structures [24,25]. They can also enforce continuity
in piecewise linear fits, as in CPOP [26] and slopeOP [27]. Our idea is
to leverage these recent advances to propose a new solution for solving
piecewise quadratic spline approximation with continuity constraints.
These constraints ensure the continuity of the function and its deriva-
tive at each knot, allowing a smooth approximation of the signal. The
main challenge in achieving this goal is to extend the dynamic program-
ming framework for constrained segmentation beyond piecewise linear
approximations.

Our contribution is an algorithm called Spline0OP, for Spline Opti-
mal Partitioning. SplineOP is based on dynamic programming proce-
dure and detects changes in the second-order derivative of quadratic
splines by minimizing the squared error regularized with an LO penalty.
To overcome the NP-hardness of the problem, we restrict the set of pos-
sible values for our approximation and its derivative at the knots. A solu-
tion can then be computed in quadratic time (in the number of samples).
We validate its quality on simulated and real data.

The rest of the paper is organized as follows. Section 2 presents the
quadratic spline model and its associated LO-regularized optimization
problem. In Section 3, we present the dynamic programming solution
and its approximation through state and speed discretization. An exten-
sive simulation study in Section 4 shows that SplineOP outperforms the
alternative methods and can be calibrated with only a small number
of labeled samples. An application of the compression of motion sensor
data in Section 5 highlights the utility of this method. Short proofs are
included in the manuscript, while long ones are sketched and can be
found in the Appendices.

2. Mathematical model

In this section, we introduce the quadratic spline model and the as-
sociated optimization problem for signal compression.

2.1. Definition and properties of quadratic splines

Definition 1. A quadratic spline is a continuous function with a con-
tinuous first derivative, defined piecewise by quadratic polynomials. In
other words, a quadratic spline f with K knots is a function such that

e f is continuously differentiable;
e There exist K knots 7, and K + 1 triples (ay, by, ¢;) such that for 7 €

[T Tha1):

f@=aqG@-1) +b(t—1)+¢,, k=0,...,K,

where by convention, 7, = 0 and 7, ; = T — 1, and the knot positions
7 = {r},7) aredefined such that0 = 7y < 7; < ... <7gy; =T — 1.In
a time-series perspective, the values 7, are integers.

The set of quadratic splines will be denoted S, in this article.

Property 1. Let p,, p, v, be three real numbers. There exists a
unique quadratic function f(x) = a(x — s)*> + b(x — s) + ¢ such that f(s) =
P f(O) = p, and f'(1) = v;.

Due to the continuity constraints at the knot positions, a quadratic
spline exhibits several properties.
Property 2. Let f be a quadratic spline with knots =. The parameters
(ag_1,by_1,cx_y) and (ay, by, ¢;) of two consecutive quadratic polynomials
verify the following relationships:
e = a1 (T = 7o) + by (7 = Temp) + €t

by =2a_ (g — 73 + by
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Property 3. A quadratic spline f with K knots is fully determined by the
knot positions {rk}kK=l, the values of the function f at the knot positions
{pk}2) (where we define p, £ f(t})) and the derivative value of the func-
tion f at the last knot vg, | £ f'(zg)!

Proof. Derivative values at other knots do not need to be explicitly
known. Indeed, given that f is piecewise quadratic and that the last

speed is v, the only possible value for f'(zy) is vg = 22K —
K+17TK
P

(using Property 2). By induction, f'(z;) is v, = 2% — Ugy1- We refer
k+17 Tk

to these relations as the backward propagation of speed. O

In what follows, this set of parameters (knot positions, values at
knots, and derivative at last knot) will be denoted by f and the set of
all possible values of the parameters for a quadratic spline with K knots
by Fx. In general, Fx = [1,T — 1]X x RX*3. Note that knowing f € F
is equivalent to knowing f.

2.2. Model and problem formulation

In this article, we consider observations { YY}rT;ol € RT sampled at
successive times 1 =0, ..., 7 — 1. We assume that y, is modeled as

vw=fO+e, t=0,....T-1, 6))

where f : [0,+00) — R is a quadratic spline and ¢, ~ N'(0, 6?) are inde-
pendent and identically distributed (iid) Gaussian variables with vari-
ance ¢2.

Our objective is to estimate the positions of the knots from the sam-
ples { y,}th‘O‘. To do this, we will use a change-point detection approach
to detect the positions 7, ..., 7x where the jumps in the second deriva-
tive occur, i.e., f"(z,7) # f"(z,*), while taking into account continu-
ity constraints. Note that along the manuscript, we will use the terms
change point and knot interchangeably.

A common approach to change-point detection involves minimizing
the penalized reconstruction error:

T-1
. 2
min { 2 = rol P, @

where || - || is the Euclidean norm, and §(-, -) is a data-dependent regular-
ization function that penalizes over-complex splines. A simple penalty
function is A(f,y) x K(f) [28] where K(f) is the number of knots of
the spline f. This penalty is called “linear” and favors splines with few
knots. Relation (2) becomes:

T-1
: _ 2

min{ 2 I = SO + 9K (D . ®
where > 0 is a user-defined penalty value that controls the trade-off
between data fidelity and spline complexity.

Remark 1. Without the continuity constraints, the optimization prob-
lem (3) can be solved with standard dynamic programming techniques
with a complexity of O(T?). However, continuity constraints at knot po-
sitions make the problem much more difficult to solve and prevent the
use of these standard techniques [26,27].

Remark 2. We consider the regularly sampled setting for simplicity,
as the extension to irregularly sampled time series is straightforward. In
appendices, proofs are given for this more general case.

Remark 3. Our method naturally extends to functions taking values in
R9, viewed as d independent instances of the previously defined f, each
with its own quadratic coefficients, but with identical change positions.
For clarity, we do not emphasize the multivariate structure, since all
forthcoming notations can be interpreted either in R or in R¢.

1 or any other position.
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3. Fitting quadratic splines with dynamic programming

To solve the optimization problem (3), we propose to efficiently ex-
plore the space of quadratic splines. In Section 3.1 we first introduce the
optimal solution of the problem, which is computationally intractable.
To overcome this issue, we introduce our algorithm, Spline0OP (Spline
Optimal Partitioning), in Section 3.2, which proposes to compute an ap-
proximate solution to the problem by relying on several simplification
strategies:

1. (for positions) discretizing the values the spline can take at the knots;

2. (for initial speed) discretizing the values of the first derivative at the
leftmost point;

3. (for speeds) propagating first derivative information forward.

3.1. Construction of the optimal dynamic programming solution

In the following, a segment is defined as integer interval s : ¢ :=
{s,...,t — 1}. The reconstruction error, also called cost, on the segment
s : t is defined by:

-1
Coupyo i v) 1= DL =y, 117 )
1=s

As seen in Property 1, it only depends on the parameters p;, p, and v,.
Thanks to Property 3, we can rewrite the minimization (3) over S, —
the space of continuous piecewise quadratic splines — as a minimization
over the set of (i) all possible numbers of changes K, (ii) knot positions,
(iii) values of the functions at the knots and (iv) final speed, with the
constraints that the speeds v, satisfy the previous recursive relations.
By denoting f € Fy the set of parameters needed to fully characterize
function f, we can formulate the optimization problem as

K+1

K,I?e”%,( I; [ Tk_I.Tk(pk_] P> Ur) + P o
s.t. vk71=2%—vk, Vke{l,...,K+1}.

We present a dynamic programming approach to find the minimizer
of (5). Let Q®(p,v) be the optimal solution of (5) when approximat-
ing the observations up to (but not including) time ¢, { yi};;(‘), with a
quadratic spline, with final position p and final speed v occurring at ¢.
We get the following result:

Proposition 1. The following recurrence relation holds true:

eR
0<s<t

0" (p.v) = min {09(p2222 o) +cppor+ ), ©

with QO (., ) = 0.

Notice that the proof of this proposition in Appendix B is based on
the search for the best last changepoint position, s, when ¢ points have
been observed. The continuity constraints at s impose an additional opti-
mization over f(s) = p and the backward propagation of the final speed
to ensure speed continuity. The piecewise function Q®)(-, -) becomes in-
creasingly complex as ¢ grows; we can get up to 2/~! quadratics in pa-
rameters (p, v) in Q)(-, -). Currently, there is no efficient method to solve
this problem in a limited time. As stated in Remark 1, this intractability
is only due to the continuity constraints. For unconstrained algorithms,
in contrast, the number of possible solutions in Q) grows linearly with
t, reaching at most ¢ pieces, as shown in [29]. This illustrates the in-
trinsic difficulty of our problem; as a result, solving the recurrence in
Proposition 1 remains intractable.

Equivalently, we can present the recursion in a forward speed de-
scription, defining the function é(')(p, vy) as the optimal solution of (5)
with final position p, but initial speed v.
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Remark 4. In a forward description, the obtained recursion is as fol-
lows:

0O(p.vg) = min {0 (5.0 ) + (.. 8300 + 8 }. @

0<s<t

~ k
with Q©(,.)=0. Function g,., takes the form 2 Y (—1)k—/&=L=L 4

i=1 Ti~Ti-1
(=1)*v, specific to the value j (= p;) and v, with 7,_; =s and 7, = 1.
This is the forward speed propagation formula of the optimal path end-
ing at value p with initial speed vj,.

Values 0 (p, vo) and Q¥ (p, v) coincide if the initial speed v, leads to the
final speed v (using forward propagation). The complexity of this prob-
lem remains the same. To make the problem tractable, we will reduce
the choice of the final speed to one value for each position p; we write:

00, v,p) = min {0 (5.0,0)) + € G0 22=E v, oD+ 5. ®

0<s<t

with v,(p) the value 2%’ — v,(p) selected by the arguments of the mini-
mum. Then, the Spline0P algorithm solves this recursion for a small set
of values for p and v,. This strategy is fully detailed in the next section.

3.2. The SplineOP algorithm

In (5), the optimal parameters f are supposed to belong to the set Fy,
where positions and speed are continuous parameters. To solve the prob-
lem, we propose discretizing these parameters to form a finite discrete
set, and we utilize the recursion (8) based on the forward propagation
of speeds.

To do so, we will define the following sets:

e Each function value f(¢) (for integer ) will be assumed to belong to
a finite set of candidate values P, = {p, ;,p;, ..., p, ,}. For simplicity,
all these sets are of size n;

¢ The initial derivative of the spline f/(0) will be assumed to belong
to a finite set of candidate values V, = {vg 1, vq5. ... Uy} Of size m.

This discretization is equivalent to switching from a possible set
of parameters Fy = [1,T — 1]X xRX*3 to a set Fr =[1,T - 1]X x
(P} f;o' x Vy?. We later describe heuristics for choosing sets V, and
P,.

Note that, thanks to this discretization, the set of possible speeds V,
at time ¢ is also discrete.

The speed v, ; at time ¢ and position p, ; is the propagation of the
speed v, ; at the beginning of the last segment of the optimal solution,
starting at time s and position p, ;. Let Q;') =0Y(p, ;,v,;) be the best
cost of fitting observations {y, };b with a spline f such that 7(t) = p, ;.

This best cost QN;') is the minimum between two alternatives:

Q~;t) — min{QEt),nochange’ Qi.t),change }’ (9)
where
Q(T),nochange — mi C cand( ) cand( i) = 2pt,j — Po,i
J —UE"E‘{}O 0:0(Po,i Prj> U5 o, D)5 015" (0g, 1) = -
1<i<n
~ 0, } (10)
(t),change __ . (s) c cand . 11
0; = Jnin O, + Cy (P> Prjr 05 (5, 0)) + B, (€R)
1<i<n

Ptj — Dsii
d, . J S
o (s, i) = 2L uS,.}

r—s
The final speed v, ; is the candidate uf‘}’."d computed at the optimal in-
dices (v, i) or (s, ). This value associated with the optimal cost is stored

2 with a little abuse of notation, as the 7, values are first chosen in the set

[L.7 - 1]%.
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Qu1 Qu1 Qu1
Q2 Qa2 Q
Qua Qi3 Qi3
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/ vy, (8%, 7)

Qlt, 4] = min {Q, 5] + oo g, vig™(s, 1) + )}

1<i<n
argmin
By By
B B,
Bis Bis

Fig. 1. Relationship between the optimization step and matrices Q (orange), V' (green), and B (blue). Yellow boxes show the values being filled for the current
(time, state) pair, (¢, /). Bounding boxes in Q and V' show the values previously computed, which are needed to compute the current solution. For times greater than

the current 7, the matrices are empty.

to be used at future time-steps. To reconstruct the final vector of change-
points, we need to store the duple of best previous time and state,
(s*,i*), for each final time-state (7, j) when solving problems (10) and
(11).

The resulting iterative algorithm is called Sp1ine0P? (Spline Optimal
Partitioning); its pseudo-code is given in Algorithm 1. The algorithm is
based on the recursive computations of

o Q € RT+Dxn that stores the best cost Q;’) of fitting the signal {y, };z)
with a quadratic spline f with (1) = p, ;;

o B e (N?)T+Dxn that stores the duples (s*,i*) that were used to opti-
mize (10) or (11) for each 7 and j value;

e Ve RT+Dxn that stores final speeds obtained when optimizing (10)
or (11) for each 7 and j values.

The schema in Fig. 1 shows the relationship between these matrices
and the optimization step.

Algorithm 1 Spline0P algorithm.

1: input: observations y = { Yr}xT;ol’ penalty g, T sets of n states P,, ini-
tial speeds V,, with m speeds

2: Q[0,i]=0, i=1,...,n > Initialization
3 V[0,i]=Vy, i=1...m
4: forr=1to T do > Loop over ending time
5: for j=1tondo > Loop over ending states in P,
6: Q[#, j] = min {Q:’;dmnge, ijange}
7: B[z, j] = (s*,i%) > See definition above
8: VIt j] = 2700 Ve ¥
9: end for

10: end for

11: T < backtrack_changes(B, Q)

12: return T

Once the double for-loop is over, the change-point vector is com-
puted by a backtracking algorithm, see Algorithm 2 below. The algo-
rithm first finds the best state index j at the final point z = T — 1. It then
iteratively backtracks through the matrix B, using the matrix content
to update the indices (z, j), thereby reconstructing the optimal solution
path. The time indices are stored, constructing a change-point vector 7.

Proposition 2. (Time complexity) Sp1line0P’s time complexity is O(n>T?).

3 An implementation is available at https://github.com/nicolascecchi/
SplineOP

Algorithm 2 backtracking algorithm.

(z.))=(T, arglmin Q[T,jD
Jj=1l...n

T« (1) > Initialize vector of changes.
do
(z,)) = B[z, /]
T« (1,7)
while 7 > 0
return 1

> Prepend previous change point to .

Proof. There are three matrices to fill (Q, B, V), each of size (T + 1) X n.
At time ¢, we compare at most ¢n values in (10) and (11) in O(1) time
(Lemma 1, below). For each matrix, we get a time upper bounded by

,T:ll ij (tnO(1)) < O(nT?), which proves the result. [

Lemma 1. Assume that the following cumulative sums are precomputed for
any t ST: Yo Vo Dot Voo Dot SV and Y, s%y, , which can be done in
O(T) operations. Then, for fixed parameters (s, 1, p,. p;, v,), the value of the
segment cost Cy.,(p,, p;, ;) (4) can be computed in O(1) operations.

Proof. The proof in Appendix A is mostly algebraic manipulation. O

Notice that exact pruning strategies cannot be easily incorporated to
improve execution time (see [27]), since segment costs are not based
on parameter optimization, and standard PELT pruning [28] cannot,
therefore, be applied. Some heuristic strategies could be developed to
remove indices s to be considered; this is left for further study.

Proposition 3. (Non-optimality) The algorithm does not guarantee conver-
gence to the global minimizer of (5), due to the greedy (or implicit) pruning
of the speed: at time t and position j, only a unique speed is available, v, ;.

Proof. A simple counterexample can be seen in Appendix C. The proof
is based on the fact that the optimal solution up to a certain time ¢ gener-
ates a single value of the first derivative, which must be respected in the
future. This first derivative value may not be optimal for the upcoming
data. O

3.3. Discretization of positions and speeds

Our algorithm, Spline0P, requires a set of initial speeds V, and can-
didate values P, for each timestamp 0 <7 <T — 1. One would like to
choose these as close as possible to their true values. Below, we discuss
the heuristics to generate these sets.

Positions discretization. At each time step one data point is available,
which is a noisy observation of the true value. A sensitive strategy to
build the sets of candidate values P, is by including the observation at
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time 7 and points around it. For our experiments, we have fixed |P,| =5
and we have used a randomized strategy, taking the four additional
points as random samples from a Gaussian distribution N (y,, &Iz-lall)’ cen-
tered at the observation y, with variance &I%Ian estimated using the Hall
estimator [30]. Other strategies were evaluated and had a worse perfor-

mance, for details see Appendix D.

Initial speeds discretization. The size of the set of initial speeds, |V, |, was
also set to 5 by default. The values of the estimated speeds are generated
by computing the least-squares quadratic polynomial approximation to
the first 20, 40, 60, 80 and 100 data points, and taking its first derivative.

3.4. Compression routine

Algorithm 3 proposes a compression routine based on the results of
Spline0P. First, Spline0P is run to detect change points in acceleration.
The change points © are used as knots to fit a least-squares quadratic
spline. The resulting spline can be retrieved by storing only a small
number of parameters (ay, by, ¢, ;) for each segment with k € {1,..., K}
compared to the signal size (see Appendix F).

Algorithm 3 SplineOP compression routine.

input: observations y = {yt}xT:_o]’ penalty g, T sets of n states P,, ini-
tial speeds V,

T « SplineOP(y, #, P, V)

spline < least_squares_fit(y, T)

return spline

4. Synthetic data experiments

In this section, we assess the ability of our method, Spline0P, to es-
timate change-point positions from noisy time series and the ability of
our compression routine (Algorithm 3) to reconstruct the true underly-
ing signal.

4.1. Setting

Data. A synthetic dataset is generated by regularly sampling 3D
quadratic splines with 4, 9, and 14 knots, positioned randomly and
shared across the 3 dimensions. The knot positions follow a Dirichlet dis-
tribution. Unless otherwise specified, the length of each signal is 1000
points. For each segment, the acceleration amplitude follows a uniform
distribution on the interval [10, 15]. Between two consecutive segments,
the acceleration sign alternates between +1 and —1. The rest of the pa-
rameters can be computed from this construction, see Appendix F. Ex-
amples of these signals can be seen in Fig. 2. Finally, Gaussian noise is
added to each spline, such that SNR = 30 dB, with the following defini-
tion:

SNR = 20 log —28"!

Onoise

For each number of knots (4, 9 or 14), we generate 100 signals.

Metrics. To evaluate reconstruction quality, we use the mean squared
error:

1
MSE = Z11Yobs = Ypreall5, (12)

where y,,, are the predictions made by the least-squares spline con-
structed with the knots found by SplineQP.

To evaluate the change-point detection ability, the F-score is used.
An estimated change point 7 is a true positive if there is a true change
point ¢* such that |7 — t*| < m, where m is a user-defined margin. In our
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Table 1

Size of the compressed signal for 3 different ap-
proaches. K,, is the total number of change points for
sensor m.

Strategy S,

All-together K,(MD+1)+3MD
M

One-by-one (penalized) YK, (D+1]+3D

m=1
One-by-one (constrained) MI[K, (D +1)+3D]

experiments, m is 2% of the total length of the signal. Define the F-Score
by:

F-score = 2 - 13)

precision™! + recall™
where

. # True positives
precision = - - and
# Estimated change points
# True positives
recall = P

# Real change points’

Baselines. We include two baselines: L1 trend-filtering (L1TF) [31] and
a naive approach naive. L1TF is a lasso-based approach with one user-
defined parameter, the penalty. We use the Bayesian Information Crite-
rion (BIC) to set its value. The naive approach involves smoothing the
signal, examining the 3rd-order discrete derivative, and identifying lo-
cal extrema as potential change points. As shown in [32], the approach
proposed in [21], based on an LO penalty, yields worse compressed ap-
proximations than L1 trend filtering; therefore, it is not considered fur-
ther.

4.2. Results

Reconstruction error. We first analyze the reconstruction error for dif-
ferent numbers of predicted change points K. From Fig. 3 we make two
observations:

¢ SplineOP outperforms the naive approach. SplineOP also outper-
forms L1TF for most values of K. When K is much larger than the
true number of change points K*, they have similar performance.

e Spline0OP has a natural behaviour: increasing K improves the MSE,
up to K = K*. Beyond that point, the MSE does not improve. L1TF
and naive do not have the same behaviour.

Influence of sampling frequency on F-Score. We evaluate the effect of
sampling frequency for the change-point detection task. We sample the
splines of our dataset at varying frequencies. Spline0P is given the true
number of change points K* as input. As seen on Fig. 4, higher sampling
frequencies imply a higher F-score. Past a certain point, improvement
stalls.

Influence of the number of states. We run the algorithm with different
numbers of states |P,| to see the effect on MSE, Fscore and execution
time. Fig. 5 shows that, on average, adding states lowers the reconstruc-
tion error, while the Fscore at 2% margin is mostly unchanged.

The computation time grows quadratically, as proved in
Proposition 2. The empirical results are shown in Fig. 6

Penalty learning. Certain datasets have labeled signals, meaning that
an expert has manually annotated the change-point locations. We show
that this information can be used to find a suitable penalty g that maxi-
mizes the F-score. To that end, we split the labeled data into a training
set and a test set, and run a grid search on the training set to find the
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(a)

(b) (©)

Fig. 2. Examples of synthetic data used in the experiences. 2a 4 change points, 2b 9 change points and 2c 14 change points.
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Fig. 3. MSE values for different numbers of change points. Dots show the mean over all signals, and bars show the standard deviation. Dashed black line indicating

the real number of change points in the family of signals. Top: 4 change points;

optimal value of f. Both datasets have equal and balanced proportions
of signals with 4, 9, and 14 change points. We consider two train set
sizes: 10% and 80% of the dataset. Table 2 shows there is no signifi-
cant difference in performance by using 10% or 80% of the dataset to
learn the penalty f. In other words, a user does not need to label many
signals.

middle: 9 change points; bottom: 14 change points.

5. Real data experiments

5.1. Setting

Data. We use SplineOP to compress signals from the ARM-Coda dataset
[33]. The dataset is a collection of 34 movement sensors placed on 16
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Fig. 6. Time complexity of SplineOP with respect to the number of states. Let Ty (n) be the time complexity as a function of the number of states n for K changepoints,

from the simulations we find T,(n) ~ n'%3, Ty(n) ~ n*% and T,,(n) ~ n*''.

healthy individuals that perform 15 different tasks. The sensors record
3D position data at 100 Hz.

Here we focus on subject 0 doing movement 5 (combing their
hair with the right arm). The time series lasts 40 s (4 000 poin-
ts).

Metric. We consider the task of time-series compression. The compres-
sion rate is defined as:

. size of uncompressed signal .S,
compression rate = P gnT _ 2w 14

size of compressed signal S’

with
S, =M -D-T =34-3-4000 = 408000

where M = 34 is the number of sensors; D = 3, the dimensions; and T =
4000, the number of observations. On the other hand, S, depends on
the compression strategy:

* One-by-one (penalized) Each sensor is considered individually (there
are 34 three-dimensional signals). The penalty value is the same for
all. The numbers and positions of the predicted change points differ
between sensors.
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(2) Sensor MSE 1.51 x 104,
Global comp. rate ~ 450:1

(b) Sensor MSE 3.29 x 10°,
Global comp. rate ~ 250:1

(c) Sensor MSE 3.80 x 107,
Global comp. rate ~ 70:1

JAVAARPAVATARPATATA

(d) Sensor MSE 2.31 x 10%,
Global comp. rate ~ 1100:1

(e) Sensor MSE 3.48 x 103,
Global comp. rate ~ 620:1

(f) Sensor MSE 3.70 x 10%,
Global comp. rate ~ 250:1

Fig. 8. Reconstruction of the three dimensions of the observed (green) signal on a sensor placed on the right arm (sensor 21). Top: All-together (penalized) strategy.
Bottom: One-by-one (penalized) strategy. Each column has reconstruction errors of similar magnitude. The compression rate attained by the strategy at the bottom is

preferable.

e One-by-one (constrained) Each sensor is considered individually
(there are 34 three-dimensional signals). The number of estimated
change points is the same for all sensors. The positions of the pre-
dicted change points differ between sensors.

o All-together All sensors are considered simultaneously (a single 102
dimensional signal). The number of estimated change points is the
same for all sensors. The positions of the predicted change points are
the same for all sensors.

The size S, of the compressed signal is given in Table 1 for each strategy.
As an example, if SplineOP has a compression rate of 200:1, it means
that SplineOP only need 1 parameter to model 200 points.

5.2. Results

Fig. 7 shows the MSE of these three strategies for different compres-
sion rates. One-by-one (constrained) has observations for compression
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Table 2

F-score (mean and standard deviation) on
a test set using the penalties learned with
10% and 80% of the data. The p-value is
according to the Mann-Whitney-Wilcoxon
test. According to this test, the two F-scores
are not significantly different.

Penalty F-score
Brow 0.81 (0.13)
Bsos 0.79 (0.16)
p-value 0.76

rates above 160:1 only. Smaller compression rates require longer runs
for each signal and are skipped.

For a given compression rate, One-by-one (penalized) outperforms All-
together. This is because All-together is less flexible; all change points
are shared across sensors. One-by-one (penalized) can add more change
points to sensors that vary a lot and less change points to sensors that
do not move much.

A reconstruction example is shown on Fig. 8. Again, we see that, for
a given reconstruction error, One-by-one (penalized) produces approxi-
mations with less parameters.

6. Conclusions

In this paper, we introduce Spline0P, a change-point detection al-
gorithm that can efficiently place knots to fit a quadratic spline to data.
The algorithm outperforms baselines on both synthetic and real datasets.
We also show that the penalty value can be calibrated using only a small
number of samples without significant loss in performance.

For future work, adapting this algorithm to higher-noise settings is
challenging, as it requires a more careful selection of state values for
discretized positions. The potential loss of optimality due to forward
speed propagation must be thoroughly studied to better understand the
approximation quality of our method. It may be possible to design an
algorithm with continuous initial speed values, drawing inspiration from
functional pruning techniques developed in the multiple change-point
literature. A heuristic approach for pruning positions using a PELT-like
rule is also a potential direction of improvement for speeding up the
algorithm.
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Appendix A. Proof of Lemma 1

Given an interval [x,,x,) and values (p,, p;, v,), a quadratic polyno-
mial p satisfying p(x,) = p,, p(x,) = p,, and p’(x,) = v, is uniquely defined
and can be written as p(x) = a(x — xs)2 + b(x — x;) + ¢ for x € [xg,x,),
with appropriate a, b, c. Define the length of the interval from the be-
ginning of the segment as: L; = x; — x,. We develop the square in the
cost formula:

-1 -1
CoisPys P ) = Y (0 = PO = ) (3 — aL? = bL; = o)
S =5
1
S

i=
-

= Z(yf —2y;(aL? +bL; +¢) + (aL? + bL; + ¢)*)
i=

@ (LT, +2ab[ L], = 2aly, LT, + [} 1, = 261y, L1,

+ (2ac + bHILZT. = 2¢ly,). + 2¢b[L;T. + [*],

where [-]\ := Zf;l - = cumsum,_,(-) — cumsumg_,(-). If the cumulative
sums are precomputed, this operation is reduced to retrieving the cor-
responding values, which is O(1). In particular:

t—1 t—1

Z Ly = Z(xi =Xy = [X,-y,-]; - xs[y,-]g,

i=s i=s

and,

t—1 t—1

X Ly = Y0 = x)hy = Dl = 2x, eyl + X2y

i=s i=s

If the sampling is not uniform, then one needs to develop the binomial
expansion:

t—1 t—1 d t—1 d
Y=Y -x) =Y <‘?)<—xx>f( i)=Y (‘?)(—xy[x;’*’];.
i=s i=s Jj=0 J i=s Jj=0 J

Consequently, we can compute such sums using the cumulative sums
for the xl‘.l_j (x;, x,.z, e x? ) and we get the same O(1) time and then the
same result.

This can be simplified if the sampling is equispaced. Let § be the
spacing between samples, then:

t—s—1

=1 =1
DL =Y @-) =6 Y k=6l
i=s i=s k=0

which is the sum of the first 7 — s — 1 integers to the power d and can be
computed with Faulhaber’s formula. Notice that, for multivariate time
series, we sum analogous cost terms — differing only in their respective
parameter values a,b,c — across all dimensions. This yields the same
result in complexity.

Appendix B. Proof of Proposition 1

The set 7; denotes all partition vectors = {z, } £ " satisfying 0 = 7, <
7] < = < Tg < g, =t. The number of interior points K is not fixed,
and all possible partition lengths are included in 7;. Consider the prob-

lem in Eq. 5 given by:

K+1
0" = min { D1Cq, o Pecropiov) + 51}
pERK+2 k=
Uk +1€ER
st vy =22 TP k=1, KL,
Tr+1 — Tk
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where the minimum is taken over the unknown change-point vector = =
{7 }X3! of unknown length K + 2, the unknown position vector {p; }X*!,
and the unknown final speed vy, ;. Specifying these quantities uniquely
determines a quadratic spline (see Appendix F).

We emphasize that, for any generic = € 7;, we denote its length by
K + 2, removing its dependency on the choice of vector in 7;. Recall that
we use the shorthand notations p; = p, and v; = v, . We now introduce
a functional cost Q)(p, v), temporarily leaving the optimization with
respect to the parameters p = px,; and v = vy, aside. We obviously
get 0 = min, , {0V (p.v)).

The result is obtained by conditioning the sum over the position in
time and space of the last change point. We write:

K
0%p.)= min { B, o Girept) + Pl +Cop ooy, (xop0)+ B .
peRKrJrl =

Pr+1 — Pk

s p=Pgal, U= Ukyys Vg =2

Th+1 — Tk

and the minimization can be organized as follows:

K
i i C, . e } C,.,(B.p .
ogigx{feglriq{;[ et 1 P10 Po Vi) + Bl + C i (Bop ”)+ﬁ}

pER peRK+
Pk+1=P

The inner minimum taken with its backward speed relations is exactly
given by the value
0V(p.0p) = 0V (5222 —v),
-8

and we obtain
0.0 = min {09 (52222 = v) 4 ¢, (Gp ) + B,

0<s<t t—s :

pER

which proves the result.
Appendix C. Proof of Proposition 3 (non-optimality)

We consider the data y, =0, y;=1,and y, =2=y; =y, =.... Let
the sets of states be P, = {y,} for all ¢ and the initial speeds set V), =
{1,2}.

With data yy,y;,»,, the best solution is the straight line f(r) =1,

10

—uo k=1, K+]1,
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resulting in a cost of . This is the minimal possible value for any seg-
mentation. At this time, the second best solution is f(r) = @ with as
cost of f+ 1/4. with initial speed f’(0) = 2. Notice that f(2) =2, and
its outer speed is zero. At all further times, completing the solution f
by the constant 2 leads to a cost of 24 + 1/4. Completing the solution f
with 7 > 4 leads to a higher cost due to the outer speed of 1 at time 2
when g > ‘1‘. Thus, the best solution for ¢ > 4 should be 24 + i.

It is possible to show that all other solutions with no change have a

cost greater than 2 + i fort > 7 when § = i + €. This proves our result.

Appendix D. Discretization of positions

The discretized positions are meant to approximate the true values
of the signal. Ideally, in a noiseless situation, having P, = { f,} is enough.
When the signal is noisy, we add more values to P, trying to compen-
sate for the uncertainty of the noise. Three strategies were tested, all
including the observation as one of the states. Call N the total number
of states, then the strategies are:

e Random: States are sampled from a Gaussian distribution centered
at the current observation and with variance equal to the estimated
one of the signal;

e Neighbors: (N — 1)/2 points before and after the current observation
are used as states. Thus, the set is:

P =y (v1yj2 Vie(N=1) 2415 - Yis Viads - Vep(N=1)j2} 3

o Regular grid: An interval centered at the observation is sampled regu-
larly N times. In the experiment, the width of the interval was set to
10% the amplitude of the signal. Call 24 = 0.1|y,,.« — Ymin| the length
of the interval, then P, = {y, — A, ...,y ... ., ¥, + A}.

Fig. D.9, below, shows a simple example in one dimension with 5
states.

Fig. D.10 shows average MSE over the synthetic dataset with the
constrained SplineOP setting K = K* and varying the number of states
and state generation strategy. Results show that the order of magnitude
of the reconstruction error remains the same across different generation
strategies. At the same time, there seems to be an ordering, where the
random strategy outperforms the neighbor strategy which itself outper-
forms the regular grid.
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Fig. D.9. Illustration of different strategies for the generation of discrete states.
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Fig. D.10. MSE comparison of different state generators for the constrained model (with K = K*). Results show that the Random generator is superior to the others

in most scenarios.

Appendix E. Robustness of the algorithm with respect to speed
misspecification

Proposition 3 shows that the algorithm is not globally optimal due
to its greedy speed selection strategy. Consequently, intermediate solu-
tions may produce final speed estimates that are poorly suited to sub-
sequent observations. To quantify the impact of such speed misspecifi-
cation on performance, we conducted a series of new simulations with
different levels of perturbation of the oracle speed. The results show
that SplineOP has a compensation mechanism that, by introducing false
positive changepoints, manages to correct the speed and perform well
on the rest of the signal, as shown in Fig. E.11:

The experiments were run on the synthetic dataset with K* =4.
Given the oracle initial speed v = (v,, v, v,), we ran the algorithm with

11

a single initial speed set to either the oracle speed or a perturbed ver-
sion of it. To control the level of inaccuracy of the speed, we define
the perturbation as 3D rotations. We treat v as the axis of a cone. The
vector v is embedded within the cone and rotated around this axis. The
angle defines the cone’s half-opening angle (the tilt), while the second
angle, specifies the rotation around the cone axis (the spin). In our ex-
periments, we consider tilt angles of 0°, 15°, 302, 45°, 60°, 75°, and 90°,
and spin angles of 0° and 180°.

Aggregate performance metrics, in Fig. E.12, illustrate the effect of
these perturbations and show that the pattern shown in Fig. E.11 is gen-
eral: Fig. E.12a show an increase in the average number of predicted
changepoints, which has a significant negative effect on the F-Score, as
shown in Fig. E.12b. The MSE (Fig. E.12c) also deteriorates, but remains
of the same order of magnitude (i.e. O(107%)).
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Fig. E.11. Example of correcting behaviour of SplineOP for (a) small and (b) very big perturbation of the initial speed. Vertical lines indicate the predicted (dashed,
red) and real (continuous, blue) changepoint positions. The predicted signal (red) has many more changepoints in the early stages than the real one (blue). SplineOP
incorporates many false positive changepoints to stabilize the speed into the correct range of values.
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Fig. E.12. The number of predicted changepoints (E12.a) augments as the perturbation of the initial speed increases. This is a compensating mechanism of SplineOP
that has a negative effect on the F-Score (E12.b) and MSE (E12.c). The latter one being less significant, as the predicted polynomial remains close to the observed
points. .

Appendix F. Equations and unknowns in spline inference e We have 3(K + 1) unknowns with the quadratics (a;, vy, p;) and the
initial position and speed: p, and v,. We obtain 3(K + 1) + 2 un-
A spline with K knots is described by the following K + 1 quadratics: knowns;

e We have 2(K + 1) equations with (F.2). Consider that the positions
Po- ---»Px4+1 are explicitly or implicitly (by some equations) known.

% 2 _ _
Je = 2 C—m +ol-t)+pe k=L K+l 1€l 7, Same with the initial speed v,. We obtain 2(K + 1)+ (K +2)+ 1 =

with 7, = 0 and 7g,, = T. The vector of change points (knots) is an in- 3(K + 1) +2 equations.
creasing vector of integers: 0 =7y <7 < ... < 7g < 7¢,; =T. Continu- Observe that specifying a single speed value is enough; this may be
ity of the spline value and its derivative leads to the following system v, or another value at a change point location.
of equations: For spline generation, we can also determine the spline by specify-
. , ing all the acceleration parameters, a, ...,ax,, and two positions, for
Pk = T(Tk = Tp1)” + Vg1 (T = Tpiy) + iyt 1) example, setting p, = px,; = 0. This also gives the necessary K + 3 ad-

ditional relations.
U = gy (Tp — Ty 1) + Upy 1

L . . Appendix G. Spline inference: from accelerations to positions
for k € {0, ..., K}, considering additional starting elements p, and v,.

This can be simplified the following 2(K + 1) equations: Consider the case with given accelerations and specified initial and

py = Yk+1 — Uk’ ﬁna! positions. This f.orms the standard s.imula.tion .fr.ame‘{vork f.or gen-
Tl — Tk (F.2) erating quadratic spline data. Our algorithm identifies discontinuities
P+l — Pk U1+ Uy ' (jumps) in acceleration, which are the key quantities to be controlled.
Tesl — Tk 2 ' From the accelerations and the positions of the knots, we can derive the
These equations are translated into implicit transparent notations: A = speeds, thereby reformulating the spline constraints as a linear system,
AV and V = AP. We introduce the notation Az, = 7, — 7;_;, used later Av=b:
on. Notice that notations a, v;, and p, are the acceleration (second -1 1 0 0
derivative) the speed (first derivative) and the position (spline value) at 0 -1 1 . :
time step 7, respectively. A=|: 0 ,
0 - 0 -l 1
%o o1 Ok Ok41 (K+2)x(K+2)

Numbers of unknowns and equations.
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with 8 =3A7, gy =3A7k,; and 6 = J(Ar, +Ary,) for i in

{1,...,K}, and
vy a Aty
2 a,At,
v=| ¢ |, b= :
Uk ag 1By
Uk+1 Pk+1— Po

Here the last equation is derived from the sum of all the elements of the
second equation in (F.2). We used here the knowledge of p, and px;.
Eventually, the spline positions are given for k =0, ..., K by relations:

k
1
Prrt = 5 D0+ 0 )T = ) + po.
i=0

Thus, all parameters (a,, vy, p;) are known.

Proposition 4. (Spline definition with known accelerations) We consider
the accelerations a, as given in all segments (for k = 1, ..., K + 1) with also
known initial and final positions p, and pg_, ;. We introduce notations:

_ 1 _ 1
ATy =1 —Tj_y, Tx = E(Tk +7_y) and O = E(Uk +u_q).

The speeds and positions at the knots can be explicitly found. Their values
are:

K+1
Ve =vgs = ), A7, forall k€ (0,.... K},
j=k+1
where
» K+1
UK+I—L —ZG(TAT)
and
k K+1

Z D;AT;,

i=k+1

P =Po+ ) OAT = pryy — forall ke {1,...,K}.

i=1

Proof. Given the sparsity of the matrix A some algebraic work leads to
an explicit inverse:

dy d; d, dj 1/T

g d dy d :
4| o b d

4@ 49 dyg 1/T

qo q1 dk /T

The terms under the diagonal g, are:

K
> AT+ ATy, /2 T 17
+1 k1t _
o= _(m—m)+An,/2 Ty 0 Thy
k — - - i
K+l Tk+1 = %0 Tk+1 = %o T

Y Ag
i=1

and the terms on the diagonal and above are given by d, = —(1 — gq;).
From these results, we can write each component of the speed vector
v=(vy,...,0g,y) as:

k-1 K
Px+1 = Po
= -1 + z 4;a 1 AT + Z j+1A j+le
i=0 =k
or, by first computing vy, we realize that:

K

Uk = Uk+1 — Z ;11874
=k
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Once the velocities are known, recalling that p, and py,, are given, we
write the system of equations that arises from the second equation in
(F.2): Bp=10

1 0 0
-1 1 0 0 0
0 -1 1 0 0 0
0 .
B = .
0 0 -1 1 0 0 ’
0 -1 1 0
0 0 -1 1
0 0 1 (K+3)x(K+2)
Po b
P 01At
p=| : |,and o= : )
Uk 41874
PK+1 Pk+1

which can be solved by forward or backward substitution, yielding:

k
Pk=P0+ZEiATi’ forall ke {1,...,K},
)

or
K+1

Pk = Prer — Z b;At;, forallke{l,...,K}.
ikt

O

Appendix H. Spline inference: from positions to accelerations

We consider an oracle situation for which the position of the knots
is known. We derive all the parameters of the spline as functions of the
initial speed vy.

Proposition 5. Given the positions p, for k =0, ...,K + 1 and the initial
speed v, we compute the speed and acceleration vectors, emphasizing their
dependence on the initial speed. We obtain:

k
D) =2 (=D AL iy ke (1 K+ 1)
i=1 T~ T
and
_ 1)k
ay(vg) = 2( e B Pt +&Uo,ke{l,u.,K+l}.
Tk— T~ Ti1 Tk — Tk—1

Proof. Using the second equation in (F.2) we get the system of equa-
tions Av = b, where:

1 0 0 e 0 ol _

11 0 0 "2p2“ »
A=]|0 1 1 ] and v= it

: PK+1 —PK

0 — 0 1 1 Ukl e

And from all the speeds v, we easily get the accelerations a. O

All coefficients v, (vy) and a;(v,) linearly depend on v, and on the
positions py.
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